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Bayesian statistics . . .
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Bayes Best others

consistency X X
convergence rates optimal optimal

model selection ? X(disagreement remains)

use of prior knowledge X ?
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Bayesian model selection for finitely
parameterizable distributions
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dimα = KA

PA(α), Pr(A)

P (x) i.i.d.−→ X = {x1 · · ·xN}

unknown
�

����*

Ilya Nemenman, CIMS/NYU Seminar, August 26, 2003 back to start



4

Bayesian model selection for finitely
parameterizable distributions

'

&

$

%

'

&

$

%

Model family A Model family B
QA(x|α) QB(x|β)

dimα = KA dimβ = KB

PA(α), Pr(A) PB(β), Pr(B)

P (x) i.i.d.−→ X = {x1 · · ·xN}

unknown
�

����*

Ilya Nemenman, CIMS/NYU Seminar, August 26, 2003 back to start



4

Bayesian model selection for finitely
parameterizable distributions

'

&

$

%

'

&

$

%

Model family A Model family B
QA(x|α) QB(x|β)

dimα = KA dimβ = KB

PA(α), Pr(A) PB(β), Pr(B)

P (x) i.i.d.−→ X = {x1 · · ·xN}

A or B?
���

���
��*

HHH
HHH

HHY

?

unknown
�

����*

Ilya Nemenman, CIMS/NYU Seminar, August 26, 2003 back to start



5

Solution

Find the model with maximum posterior probability!
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Find the model with maximum posterior probability!

For example, for model A:

P (A|X) =
P (X|A)Pr(A)

P (X)

P (X|A) =
∫

dαPA(α) P (X|α) ∼ P (X|αML) ||δαML||

P (X|A)Pr(A) + P (X|B)Pr(B) ≡ Z�
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(See: Bayes factors, Occam factors; Jaynes 1968, 1979)
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Large N expansion

Saddle point (large N) expansion is almost always valid.

(See: Schwartz 1978, MacKay 1992, Balasubramanian 1996)
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Conclusions

• Bayesian inference penalizes for complexity (large K)

• Fight between the goodness of fit and the complexity

selects an optimal model family.

• This is a Bayesian analogue of the MDL principle.

Does this generalize to
infinite–dimensional models?
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Estimating density

Standard setting Fisher–Wald setting

(solving IE) (minimizing risk)

F (t) =
∫ t

−∞Q(x)dx R[Q] = −
∫ +∞
−∞ log Q(x)dF (x)

1
N

∑
xi

Θ(xi − t) =
∫ t

−∞Q(x)dx Remp[Q] = −
∑

xi
log Q(xi)

Both settings hypersensitive to fluctuations in F (t).
Smoothing is required.
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Finite Infinite

α φ(x) = − log `0Q(x)

P(α) P[Q] ∝ exp
[
− `2η−1

2

∫
dx(∂η

xφ)2︸ ︷︷ ︸
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Finite Infinite

α φ(x) = − log `0Q(x)

P(α) P[Q] ∝ exp
[
− `2η−1

2

∫
dx(∂η

xφ)2︸ ︷︷ ︸
smoothness penalty

]
︸ ︷︷ ︸

spline prior of order 2η − 1
{A,KA} {`, η(?)} – index continuum of families

Pr(A) Pr(`, η(?))

(See: Bialek, Callan, Strong, 1996)
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Quantum Field Theory analogy
Fix ` and η:

=
〈Q(x)Q(x1) · · ·Q(xN)〉0

〈Q(x1) · · ·Q(xN)〉0︸ ︷︷ ︸
Correlation function in a QFT

defined by P[Q]
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Explicit form of correlation functions

C. F. ≡
∫

[dQ]P[Q]
N∏

i=1

Q(xi)

=
∫

[dφ]
1
`N
0

e−S[φ] δ

[∫
dx

1
`0

e−φ − 1
]

S[φ]︸︷︷︸
action

=
`2η−1

2

∫
dx(∂η

xφ)2︸ ︷︷ ︸
kinetic term

+
∑

i

φ(xi)︸ ︷︷ ︸
random potential
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