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by the natural estimatorH (¢"") with h =< n~?, for someg with

i < B < % depending on the smoothness and decay.oFor
some practical applications, see @fy and van der Meulen [12], Joe
[16], and references therein. Our interest in the entropy estimation
problem ties in with our attempt at understanding likelihood discrep-
ancy principles for the automatic selection of the window parameter
in nonparametric deconvolution problems, see Eggermont and
LaRiccia [8].

Under suitable assumptions we prove that

n 1 -
Hg") = - Z log g(X:) + cun (1.3)
with £,, = o(n~*/?) almost surely.

The conditions ory involve smoothness and thathas a finite
moment of order>2. If E[{log g}*] < oo then the asymptotic
normality of H(¢™") is assured by the central limit theorem,

Vi {H(g"™) = H(g)} —a Y ~ N(0,Var[log g)  (1.4)
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as is the law of the iterated logarithm concerning its almost sureObviously, the last term (1.8) of (1.9), properly scaled, is a

behavior martingale, and so by the (sub)martingale inequality its almost sure
lim < oo Tos n) 21 H(a"™) — H behavior is pretty much determined by the behavior of the expected

I:iqip (n/log log n) " | H (g"") @ absolute value. The Kullback—Leibler divergerfeeg™”, g, is more
= {2Var[log g]}'"/>. (1.5) cumbersome. We show that after proper scaling it is dominated by a

pair of submartingales, whose expected values are under control, and
Moreover, it is easily verified that theH (¢"") is best asymptot- sq their (approximate) almost sure rates of decay are under control as
ically normal, see Levit [17], Tsybakov and van der Meulen [20]. e, |t might be possible to apply the same ideas directlfft@™"),
The result (1.3) brings to mind the estimator of Ahmad and Ligyt the route via the Kullback-Leibler distance is interesting in its

[1], given by own right.
beodet 1 ; In the above the choice of the double exponential kernel is maybe
H(g"") = ~ Zlog g " (X;). (1.6) i i i i
: n : not essential, but it certainly makes some of the details come out
=1

quite elegantly. On the one hang,(x) is the Green’s function of a
It is rather surprising that with a little extra work we get bespoundary value problem for a second-order differential equation. If
asymptotic normality for this estimator as well, using the doublg is a continuous probability density function, then= s, * ¢ is
exponential kernel. Of course, this estimator is much easier @0 a pdf which satisfies
calculate thanH (¢g™"). It remains to be seen (in simulations) what

the small sample consequences are. —n2Y" (2)+h(x) = o(x), relR
On the practical side it should be mentioned that the actual =0, r — toc. (1.10)
calculation of H(g"") for a fixed realization ofX,, X,,---, X,

and a fixed value of. requires some care, but is otherwise “just” On the other hand, the collectids, } - ¢ has a nice semigroup-

a problem of numerical integration, i.e., it does not involve anlke property, which is useful in eliminating the blocking phenomenon

stochastic aspects. In this and other problems we would recommeist customarily arises when applying submartingale inequalities to

the approximation ofg™" by piecewise-constant functions on aobtain almost sure bounds The double exponential is no stranger

fine enough partition, as in @yfi and van der Meulen [11]. The to density estimation: it also arises via the roughness penalization

approximations are easily calculated since the distribution functi@pproach of Good and Gaskins [10], see Thompson and Tapia [19],

corresponding to the kerna}, is available. An interesting aspect ofand Eggermont and LaRiccia [9].

the estimatorH (¢™") is that the window parametér is not very

influential since it only affects the(n~'/2) term. In particular, data-

driven procedures for chosing ought to be possible, see also Hall

and Morton [15]. We assume thaj has a finite moment of order2, that is, there
Entropy estimators based on spacings enjoy popularity as wélist M > x> 2 such that

see van Es [21], Tsybakov and van der Meulen [20], and references M

therein. Asymptotically normal estimators of entropy of the form B[ X[7] < cc. (2.1)

(2.1), (1.6), or based on spacings have been exhibited before bu{The reason for introducing: will become clear later.) The
usually under very strong tail conditions, e.g., under what appears 10 oothness assumptions gninvolve what we call a finite Fisher
be exponential decay, see Joe [16] and Tsybakov and van der Melfjﬁgrmation numbers, vizg is twice differentiable with
[20], and best asymptotically normal estimators under the assumption T
that the density has compact support, and is bounded away from zero g ()P
on its support, see Hall [13], van Es [21]. For a thorough review of /]R g(x)
the issues in entropy estimation, in particular also (the lack of) the
reasonability of various assumptions, see Beirlant, DudewiceriGy~ These conditions do not have much to do with decay, as the
and van der Meulen [3]. exampleg(x) = «” + 1 shows.

The principal tool for the proof of (1.3) is provided by sub- yjqin Theorem 1: Under the Assumptions (2.1) and (2.2), for all
martingales and submartingale inequalities, see Breiman [4]. Tr;,igl
comes about as follows. We &t denote the cumulative distribution
function corresponding to the probability density function (pdf) H(g"") = / log gdG, + cnn
and letG,, denote the empirical distribution function corresponding R .
to the observationsX;, X»,---, X,,. Recall the definition of the
Kullback-Leibler information divergence between two pdfsy,
with ¢ > 0 whenevery > 0, defined as

D(p, 1) =A {s’:(y) log jgz; +U(y) - w(y)} dy (1.7)

Il. ASSUMPTIONS AND THEOREMS

. "eoN2
dx < oo /R %dr<x (2.2)

with

Enh = 0(lf2”/(3”+2) (log n)s)

almost surely, provided = h,, =< n~"/®*+2_|n particular then

(the terme(y) — () integrates to zero, but including it into (1.7) has»» = ?(”71/2) almost surely. _ _
the advantage that then the integrand is nonnegative) and introduc&he ideal proof would be to suitably bound the terms in the
the notationF,, as shorthand for expression (1.9) foe, . With foresight/hindsight it is necessary to
. consider
F.n = / (sn *log gn — log g) dG,, (1.8)
1 bun = sup  |eans (2.3)
wherex denotes convolution, ang, = s, *dG is the expected value AE[R/2.h]

of g"" = s, % dG,. It is implicit that g, and¢™" are both pdf's. It

whereh will eventually be chosen to depend an Dealing with the
is straightforward to verify, using (1.3) as the definition=qf,, that ) y P g

supremum in (2.3) is easy sind&(¢"") is decreasing ik > 0, as
nh = D(g"h,gh) + Fon. (2.9) the following lemma shows.

m
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Lemma 1: For®. ¥ distribution functionsH (s, «d¥) and D (s, x Upon integration oveiR it follows that
¥, s, * dP) are decreasing functions &f
. L H(syxd¥) < H(spxdV¥).
It follows thate,,, is decreasing irh, whence (52 ) < Hsn )
bnp = max{|ennl, |0 ny2l} (2.4) The proof forD(s A*d\If s xd®) is similar, by the afore mentioned

convexity of D(p, ) in ¢, ¢ jointly. Q.E.D.
and so to bound,,, it suffices to study,,,, for fixed values of:. The

required bounds for,, are given via (1.9) by the following lemmas.
IV. EXHIBITING SUBMARTINGALES
It is obvious that for fixedh >0, {nF,5}» with F,; defined in
(1.8), is a martingale. RegardingD(¢™", g»)}» we observe that it
D(gnh./gh) =.s (9((n,h)—“’/(“‘+1>(10g n)”) does not appear to be a submartingale after proper scaling, but upon
splitting R into {g"" > ¢} and {¢™" < g1} one verifies that

Lemma 2: Under the Assumptions (2.1) and (2.2), we have for
every s > 1

providedh = h, = n~? for some0< < 1.
nh _ nh nh
Lemma 3: Under the Assumptions (2.2), we have for every 1 D(g™" . gn) = D(g"" A gn.gn) + D(g"" V gn. gn) (4.1)
Fnh —as O(h2 (IOg n)b) where

providedh = h, < n~? for some0 < 3 < 1, andh,, is constant on

© AN (x) = min{p(x), ¥ (x 4.2
blocks 2*=" <n < 2% (k € N). and e Avle) tole). o)} (42)
_We emphasize again that the blocking phenomenon disappears by oV ¥(z) = max{p(x), (2)}. (4.3)
virtue of (2.4).
ini ith = n—r/(3r42)

Combining these results with, < n proves that for And now

all r>1
k(B . Lemma 4: For fixedh > 0, {n”D(g"" V gr, gr) }» is @ submartin-
Sun =as O(n™~ /¢ +Z)(1055 n)"). (2.9) gale.
Sincex > 2, then the Main Theorem 1 is proven. Next we observe thab(g"" A gn,gn) < x(¢"" A gn, gn), Where

Results for the estimator of Ahmad and Lin [1] analogous to the js pearson’sy” distance, for pdf'sy, ¢+ defined as
Main Theorem are discussed in Section VII.

We finish with some general comments. Note that Lemma 2 does det | |¢ — z/;|2
not deal withD(g"", ¢). Indeed,D(¢™", 1) is much better behaved X(p,¥) = /R "
than D(g"", ), see Barroret al. [2], Hall [14]. Also note that the
result of Lemma 2 is perhaps not what one would hope for. Ideally, .
one would like under minimal conditions th&(g"". g,) behaves ~ Lemma 5: For fixed/ >0, {n"x(g
like (nh) . We can prove the boun@((nk) " log (nh)), but only ~9ale.

(4.4)

™" Agn,gn)}n is a submartin-

under the condition To use the submartingale inequalities, we need to suitably bound
Ele’ ] < nc, for somer > 0. (2.6) the expected values. Surel};‘t[D(J"h Vo gn, gn)] < E[D(g™", gn)).
Also note that withy = ¢"" A g,
This condition implies thay decays exponentially, and so is quite
strong. We omit the details. le — gnl” 2 |\/_+ \/97|
- <4
" =[Ve — Vol Ve = Vanl®

lll. M ONOTONICITY IN THE SMOOTHING PARAMETER so that we get a bound in terms of the Hellinger distance

In this section we prove Lemma 1, regarding the monotone
behavior inh. The main ingredient of the proof is the convexity X" A gnegn) <41VE — Vanls
of H(¢) in ¢, and the convexity oD (»,v) in ¢ andv jointly, see <4 Diw <4D(g" 45
Devroye and Gyrfi [6], combined with the semigroup-like property <4 Dlpygn) < 97 n). (4.5)

of s, see (3.1) below. . . .
For the next to last inequality a good reference is Devroye [5].

Proof of Lemma 1:1t is easily verified using Fourier transformsThus we have

that .
Lemma 6: Let . > 0 be fixed. Then

sx = (h/N)sn +[L— (h/X)%]sx * s, (3.2)

D(g"", g1) < D(g"" V g gn) + x(g"" A gn, gn)
and hence that fok > & the right-hand side is a convex combination.

Since the functioment (¢) = # log ¢ is convex, applying Jensen’s

and
inequality (twice) tonent ([s\xd¥](x)) gives (dropping the argument

x everywhere) E[D(g"" V gn, 9n)] <E[D(g"", g1)]
nent (sy x d¥) h/)\) nent (s, x d) [E[x(gnh A ghy gn)] §4[E[D(g"h,gh)].
+[1 — (h/A)’] nent (sy * 55, * dT)
< (h/)\)* nent (sp, * d0) So, in effect, the expected values of the submartingales dominating

D(g™", g») are at most a factot bigger that what they should have

+[1 = (h/A)?] sx % nent (sg, x dT). been.
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We finish this section by proving the submartingale properties.

Proof of Lemma 4:Let S, = D(@n,gr), Wherep, = g™" v

gn- We need to show that
(n 4+ 1)?E[Sni1 | X1, X2, -+, Xn] > n°Sn.
To simplify notation, let E, E[[| X1, X0, -, X,]. The

convexity of D(¢,g,) as function ofy gives thatE,,[S,+1]
D(IEn['Pn+l]3gh)- Now

:IEn[gn+l’h \/qh]
2 (IEn [gn+l,h]) \ gnh = /’,J//'n \% gh

E. [@n+1]
(4.6)

where
def

fg"" + (1= 6)gn
with & = n/(n + 1). Sincep log(p/q) + ¢ — p is an increasing
function of p for p > ¢, it follows that

|En[5n+1] 2 D(IEn @n«klsgh) 2 D(/(f-'//'n V gh;gh)-

Next we observe thattg™"

set whereg"" > g, so that
En[Snt1] Z/
{gmh > .rm}

At this point we need the elementary inequality, with{r) =
rlogr+1—rfor0 <6 <1
Afr+1-9)

A(r)
To see this introduce the functidB(r) =

One verifies thatB(1) = 0, and that

B'(r)=0log(#r +1—8) — 6 log r

wﬂ

+ (1 —8)gn) > gr precisely on the

» lo

— Yn

>6°,  r>1. @.7)

A(r4+1-60)—02A(r).

which is nonnegative by the concavity of the logarithm.Bo) > 0
for » > 1, thus proving (4.7).
Now use (4.7) withr = ¢™" /g, to obtain

. nh
En[Sns1] >6° / g"" log

{97 > g5} gh

=6°D(g"" V gn.gn) = >S5,

which concludes the proof.

Proof of Lemma 5:With E,, as in the previous proof, the con-

vexity of x(¢,¢gs) as function ofy gives that
En[x(9" """ A gn.g1)] > X(Enlg" ™" A gnl, gn).
Now we have

Enlg"™"" Agn] < (Ealg" ")

ANgn =vUn A gn

with ¢, = #g™" + (1 — 8)gs and with¥ = n/(n + 1) as before.
Now |z — z| > |y — z| for <y < z, so that

NE[g" ™" A gl gn) = X(Un A gy gn).

Again, the set where,, < g5, is precisely the set wherg
so that

X(”,*//'n Agn,gn) = /

h
i < Gh,

|6g™" + (1 = 6)gn — gn|*

{g™" <gu} 9h
_ 92 / |gnh _ gh|2
{g™ < g1} 9k
_ 02, nh
=6"X(g"" A gn.gn).

This shows that
En[x(g" """ A gn,gn)] > 67 x(g™"

and the lemma follows.

A gnsgn)

Q.ED.

Q.E.D.
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V. EXPECTED VALUES

For the submartingale inequality,
E[D(g9"", gn)] and E[| F,...|] are required.

the expected values

Lemma 7: Under the condition (2.1)
E[D(g"", g1)] = O((nk) /1) (5.1)

providednh — oc,h — 0.
Proof: In Eggermont and LaRiccia [7] it is shown that

EID(s"" gn)] < /

RXxR

g(y)sp(z—y)log <1—|— M) dx dy
‘ ngn ()
so that

E[D(¢g"", g1)] < / g(y)sn(x —y)log <1 + —) da dy
RxR

(%)

wheres = n~ " max s, (2) = (2nh) ', At this point we require the
following elementary inequality: for every > 1:
log(1+t) =p log{(1+ t)l/p}
<pl{i+8} P -1 <p it

Thus we obtain the bound
51/1)/ (gh 1/41

with (1/p) + (1/¢) = 1. Now recall thatg, = s5 * g. Since sy,
has moments of all orders, agchas a moment of orde¥l > « > 2,
then from Devroye [5] we have that fa¥/ > ¢ — 1 there exists a
constante(M) such that

E[D(g"", gn)] < (5.2)

/ (90)"/* < cDLENX Y + nM YV (5.3)
R

where X has pdfg and Y has the standard double exponential
distribution. Takingg = k + 1, p = (k + 1)/x, in (5.2) gives

E[D(g"", gn)] = O((nh) "/ +D),

This is the lemma. Q.E.D.

To boundE[|F..|] the following lemma concerning smoothed
versions of the Fisher-like information numbers (2.2) is useful. This
result doesnot depend on the kernel being the double exponential
density.

Lemma 8: If the densityy satisfies the smoothness condition (2.2),

then
. 12
R 9h
d "2
/ Ko™ _ o), h—o.
R Yh

Proof: Since(u,v) — u*/v is convex in(u,v) € IR x (0, 20)
(the Hessian is semipositive definite), Jensen’s inequality gives that

6" . / sh*lg"I’ /IJ"I2
T JR g9 rR 9

/ |sp
R Sh* g

by Assumption (2.2), The other result is similar.

< 00

Q.E.D.
We are now ready foE[|F,x].

Lemma 9: Under the Assumptions (2.2) we have for fixed

El1F = | | =ou.

/ (sh * lOg 9gh — log q) dGn
R




IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 45, NO. 4, MAY 1999

Proof: The expected value is dominated Ry g|sn *log gn —
log g|. Writing

|5 % 1log gn —log g| = |sn *log grn —log gn +1og(gn/9g)]
< [sn *log gn —log gn| +|log(gn/9)|

gives
/ glsn xlog gn —log g|
R

S/ glsr * log gn, —log ghl+/ gllog(gn/9)l- (5.4)
R R

The use of the Green’s function property (1.10) yields

snxlog gn —log gn = h*(sn xlog gn)" = h’sy * (log gn)"

so that the first integral on the right in (5.4) is dominated by

B2 / glsn * [(log gn)"|} = b / al(log )" (55)
R R

But since
" 1y 2
1 " "_ (gh) _{(!jh) }
(log gr) o o
the expression in (5.5) is dominated by

o [ 1T
R R Yn

1325

Here h is still fixed, but we may také: = h,, varying with n.
Taking
A=A, = (log 2) E[|Sn(hn)]] (6.3)
wheres > 1 is arbitrary but fixed, then gives that
Prob [M,, (hs) > An] < (log n)~".

If we replacen by 2™, then(log »)™° is replaced by a term of order
n~", and so the Borel-Cantelli lemma implies that witt{n) = 2"

lim sup {)\777/(71)}71—/‘[171(71) (hn)(n)) S 17

n— oo

almost surely

and so

max
m(n—1) <k<m(n)

Sk(hm(n)) —as O(nSEHSm(n)(h?n(n))”)' (64)
Now apply this to
Se(h) = k*D(g"" V gn, gn)

with iy = (m(n))™" for m(n — 1) <k < m(n), with 0< 3 < 1.
Then
Mon(n) =as O(ns(m(n))Zam(n)) (6.5)
with
ap = (117h;,~)7ﬁ/<ﬁ+1) (6.6)

where we used Lemma 7. It follows that for— o~

With Cauchy—Schwarz, the first integral is bounded by the squagep (,*"ma v g, (2 Gy Zas O(ns(71L('1L))2(zm(n)),

root of

/‘ |(gh)”|2
R gn ’

and so by Lemma 8 all this i©(h?).

For the second integral in (5.4) we first use Cauchy—Schwarz, and

then the elementary inequality
It =1

|log | = 2|log Vi <2 7

t>0

with ¢ = g/gn, to get

2

7n,(n -1)< k< 7n(n).
Repeating the above for the submartingfd€ x (¢™" A gi, gn) }n,

gives the same bound, and then adding these two inequalities gives
kzD(gk’hM(”)vghm(n)) BN O(ns("b(n))za,n(n)).
Now observe that forn(n — 1) <k < m(n)

ns(m('n))zﬂrm(n—w
(n—1)*log 2(m(n — 1))2asm(n)

< Constant

n® (m(n) )2“m(n)
(log k)*k2ay

IN

so that

3 2 . X
{/M 9|10g(9h/y)|} S/JR gllog(gh/g)lzSﬂx/R W_g]ilq’l

Once more by the Green’s function property (1.10) the right-hand
side equals

D(gk’hm(mwghm(n)) =as O((log k)*ax).

Together with the monotonicity ab(g™", ;) in A, this proves
Lemma 2. The proof of Lemma 3 goes the same way, and is omitted.

AR / |(g)"I?
ko Gh Vil

and by Lemma 8 this i€ (h"). Q.E.D.

. THE ESTIMATOR OF AHMAD AND LIN [1]

In this section we study the estimator of Ahmad and Lin [1],
still based on the double exponential kernel. Again this makes the
details come out quite palatable. As a matter of fact, all the previous
arguments are recycled here.

VI. USING SUBMARTINGALES TO PROVE LEMMAS 2 AND 3

In this section we prove the a.s. behaviorfg™", g, ) and F,,,
as stated in Lemmas 2 and 3. The rates are not optimal, but are clos€heorem 2: Under the Assumptions (2.1) and (2.2), for alb- 1
enough for the present purpose. The results follow from the standard
(sub)martingale inequalities combined with some standard trickery.

Suppose for each >0 that {5, (h)}. is a submartingale. The
submartingale inequality, see, e.g., Breiman [4], implies that for aflith ¢,, = O(n=2*/C*+2) (log n)*) almost surely, provided =

H(g"") = / log gdGy + cnn
R

A>0 by < 0%/ G542 |0 particular there,, = o(n~'/2) almost surely.
Prob [M,, (k) > X""] < AE[|S.. (h)]] (6.1)  For the proof it suffices to show
where Lemma 10:
rrs nh nh 2 " |(gh)l|2 nh
M, (h)= max Si(h). (6.2) 0< H(g"")—H(g"") <2h / —= 4+ 128D(g"", gn).
n/2 < k<n R gh
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Proof of Lemma 10:We note that using the Green’s functionfor someM > « > 2. (Then (5.3) has an analog.) The Main Theorem

property (1.10)

ﬂ(gnh) _ H(gnh) — / {log gnh — s % lOg gnh}dGn
R

—h? / sp x {(log g”h:)”}dGn
R

—h? / {(log gnh)"}sh * dG,
R

|(g"")'P?

= 0’ / [ T
R gnh
:4h2/ |{(gnh)1/2}l|2
R

where to obtain the next to last line we used integration by parts.
The positivity of H(g"") — H(¢g"") is thus proved. The expression
(7.1) may be bounded further as

gsﬁ/ |{<gh>“2}’|2+8/ T
R R

(7.1)

where
T = |{((]nh)l/2 _ (gh)l/Z}l|2.
(1]

Now the integrand may be written in one of two ways. The first

one is
n n n n p [2]
("™ (g™ = gn) + g™ (g™ — gn)' |

T= -
gn Lgh

(3]
Now, since|(ss)'| < h™'sy, is pointwise, we gef(g™")'| < g™",
and likewise for(gn)'. Consequently, n
nh

7 < ap-2ld ol Bl
9h 6]

(7]
(8]

But T is symmetric ing™" andgs, so we also get the same bound
with ¢™" rather thary,, in the denominator. Taking the minimum of
these two bounds we get

nh 2
T < ap=21" = 9]
— gnh Vi n [9]
Now with the same trick as in the bound fetg™" A gi, g1), see  [10]
Section IV, we get that
) [11]
/ T < 16h*D(g"™", gn)
" [12]
thus proving the lemma. Q.E.D.
VIIl. CONCLUDING REMARKS [13]

The results from Section Il and their proofs extend to the muh4]
tivariate caseX € IR?, with suitable modifications, but the main
result is much less impressive. The smoothing operator must fe]
replaced by, say, thdth power of the Green’s function operator

. . [16
for the d-dimensional boundary value problem

—IZZA’w(;E)+'w(JT) =¢(z), x€ R (17]
Y —0, |z] — oo (8.1) [18]
whereA is the Laplacian, the smoothness conditions (2.2) by
. [19]
V(@) " Ag(e))?
/R,d o) da < oo e 0 dw < oo. (8.2) [20]
Finally, the moment condition (2.1) must then be replaced by
[21]

E[IX["] < oc (8.3)

changes though, because in Lemma thust be replaced by, so

D(gnh,gh) =as (.”7((nhd)7“'/(“+1)(log n)*) (8.4)
and the main result is that
nth =as o(n 2/ (ETDRE2)) (8.5)

and ford > 2 this is noto(n~'/?). So we do get consistent
estimators, but not asymptotic normality. The same applies to the
estimator of Ahmad and Lin [1].
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